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Abstract
In this paper, it is shown completely analytically that a spintessence model in the dust
dominated universe can very well serve the purpose of providing an early deceleration and
a present day acceleration.
The stunning results of the observations on the luminosity - redshift relation of some distant
supernovae [1, 2], that the universe is currently undergoing an accelerated phase of expansion,
poses a serious challenge for the standard big bang cosmology. As the standard gravitating mat-
ter gives rise to an attractive field only, this challenge is negotiated in the standard model by
invoking some field which gives rise to an effective negative pressure. For many a reason, a dy-
namical ‘dark energy’ is favoured against the apparently obvious choice of a cosmological constant
Λ for providing this negative pressure [3]. This dynamical dark energy is called a quintessence
matter. It cannot be overlooked that a successful explanation of the formation of structures in
the early matter dominated era crucially requires an effectively attractive gravitational field and
thus a decelerated phase of expansion must have been witnessed by an early epoch of matter
dominated universe itself. Very recently Padmanabhan and Roy Chowdhury [4] showed that the
data set, only showing the accelerated phase of expansion, can well be interpreted in terms of a
decelerated expansion in disguise. The acceleration only becomes meaningful if the full data set
shows deceleration upto a certain age of the universe and an acceleration after that (see also ref
[5]). In keeping with such theoretical requirements, actual observations indeed indicate such a
shift in the mode of expansion - deceleration upto a higher redshift regime (about z ∼ 1.5) and
acceleration in more recent era, i.e, for lesser values of z [6].
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1
2This observation indeed came as a relief, as the formation of galaxies could proceed unhindered
in the decelerated expansion phase. It also requires all quintessence models to pass through certain
fitness tests, such as the model should exhibit a signature flip of the deceleration parameter q
from a positive to a negative value in the matter dominated era itself. Quite a few quintessence
models do exhibit such a signature flip of the deceleration parameter. One very attractive model
was that of ‘spintessence’ proposed by Boyle, Caldwell and Kamionkowski [7]. It essentially
works with a complex scalar field and a potential, which is a function of the norm of the scalar
field. The scalar field,
ψ = φ1 + iφ2, (1)
can be written as
ψ = φeiωt, (2)
i.e, the complex part is taken care of by a phase term. This kind of a scalar field is already
known in the literature in describing a ‘cosmic string’ [8] although it has to be noted that a cosmic
string has a very specific form of the potential V (φ), whereas, the relevant form has to be found
out for a quintessence model. Boyle et al discussed the so called spintessence model in two limits
separately, namely for a high redshift region and also for a very low redshift region. Apparently
this model gives exactly what is required, an acceleration for the low z limit whereas a deceleration
for a high redshift limit. In the present investigation, it is shown completely analytically that the
model indeed works. For high value of the scale factor a, the deceleration parameter q is negative
whereas for a low value of a, q is positive. The most important feature is that the value of a,
where the sign flip of q takes place, can be analytically expressed in terms of the parameters of
the theory and constants of integration.
If we take the scalar field as given by equation (2), Einstein’s field equations become
3
a˙2
a2
= ρ+
1
2
φ˙2 +
1
2
ω2φ2 + V (φ) (3)
2
a¨
a
+
a˙2
a2
= −
1
2
φ˙2 −
1
2
ω2φ2 + V (φ), (4)
where a is the scale factor, ρ is the energy density of matter, V is the scalar potential which
is a function of amplitude φ of the scalar field, and the phase ω is taken to be a constant. An
overhead dot implies differentiation w.r.t. the cosmic time t. In a more general case, ω might
have been a function of time.
The matter distribution is taken in the form of dust where the thermodynamic pressure p
is equal to zero. This is consistent with the ‘matter dominated’ epoch. This leads to the first
integral of the matter conservation equation as
ρ =
ρ0
a3
. (5)
Variation of the relevant action with respect to φ yields the wave equation
φ¨+ 3
a˙
a
φ˙+ V ′(φ) = ω2φ, (6)
where a prime is a differentiation w.r.t. φ.
As the scalar field actually has two components, a third conservation equation is found as
ω =
A0
φ2a3
(7)
3A0 being a constant.
In the spintessence model described by Boyle et al [7], it has been considered that ω is a very
slowly varying function of time which indeed can be considered as a constant over the entire
period of dust dominated era. So for constant ω, equation (7) yields
φ2a3 = A, (8)
A being a positive constant.
It deserves mention that only two equations amongst (5), (6) and (8) are independent as any
one of them can be derived from the Einstein field equations with the help of the other two in
view of the Bianchi identities. So, we have four unknowns, namely, a, ρ, φ and V (φ) and four
equations, e.g, (3), (4) and two from (5)-(8). So this is a determined problem and an exact
solution is on cards without any input. From equations (3), (4) and (5) one can write
a¨
a
−
a˙2
a2
= −
ρ0
2a3
−
1
2
φ˙2 −
1
2
ω2φ2 (9)
which takes the form
a3
dH
dt
= −l −mH2, (10)
where H = a˙
a
, the Hubble parameter,
l = 1
2
(ρ0 + ω
2A) and m = 9A
8
are positive constants.
In deriving this, the equation (8) has been used to eliminate φ and φ˙ in terms of a and a˙.
Now we make a transformation of time coordinate by the equation
dx
dt
=
1
a3
. (11)
As dx
dt
is positive definite ( a is the scale factor and cannot take negative values ), we find that
x is a monotonically increasing function of t. So one can use x as the new cosmic time without
any loss of generality and deformation of the description of events.
In terms of x, equation (10) can be written as
dH
dx
= −l −mH2, (12)
which can be readily integrated to yield
H = n tan(β −mnx), (13)
where n2 = l
m
, is a positive constant, and β is a constant of integration.
Now we use this H as a function of the new cosmic time variable x and find out the behaviour
of the deceleration parameter q, which is defined as
q = −
H˙
H2
− 1 = −
H†
a3H2
− 1 (14)
where a dagger indicates differentiation w.r.t. x.
Equation (12) now yields
q = −1 +
1
a3
(
l
H2
+m
)
. (15)
4Both m and l are positive constants. So q has a ‘zero’, when
a1
3 =
l
H21
+m . (16)
The suffix 1 indicates the values of the quantities for q = 0. Furthermore, equation (15) can be
differentiated to yield
dq
da 1
= −
1
a41
[
l
H21
+ 3m
]
, (17)
at the point q = 0, a = a1 and H = H1. In deriving the equation (17), equations (10) and (16)
have been used. The last equation clearly shows that q is a decreasing function of a atleast when
q = 0. So q definitely enters a negative value regime from a positive value at a = a1 and H = H1.
For the sake of completeness, the solution for the scale factor a can be found out by integrating
equation (13) as
a =

 m
ln 1
cos(β−mnx)
3


1/3
. (18)
So evidently, the spintessence model proposed by Boyle et al [7] passes the ‘fitness test’, the
deceleration parameter enters into a negative value in a “finite past”. In view of the high degree of
non linearity of Einstein equations, exact analytic solutions are indeed more dependable, and the
present investigation provides that in support of a spintessence model. Also, the constants of the
theory ( such as ω ) and the constants of integration ( such as l and m ) are still free parameters
and hence provides the ‘comfort zone’ for fitting into the observational results. Another feature
of this study is that the results obtained are completely independent of the choice of potential
V = V (φ). This feature provides a bonus, as different potentials, used as the quintessence matter,
are hardly well-motivated and do not have any proper physical background. Recently quite a few
investigations show that a complex scalar field indeed serves the purpose of driving a late time
acceleration [9]. But most of these investigations either invoke the solution in some limit ( such
as for a large a ) or use some tuning of the form of the potential. The present investigation
provides a better footing for them as it shows the transition of q analytically. It also deserves
mention that Bento, Bertolami and Sen [10] showed the effectiveness of a Chaplygin gas as a
quintessence matter. It is interesting to note that under some assumptions this kind of a fluid
formally resembles a complex scalar field as discussed in this work.
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